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Abstract
Let G be a connected graph with minimum degree at least 3. We prove that there exists an even circuit C in G
such that G − E(C) is either connected or contains precisely two components one of which is isomorphic to a 1-bond.
We further prove su2cient conditions for there to exist an even circuit C in a 2-connected simple graph G such that
G − E(C) is 2-connected. As a consequence of this, we obtain su2cient conditions for there to exist an even circuit C
in a 2-connected graph G for which G − E(C) is 2-connected.
c© 2004 Elsevier B.V. All rights reserved.
Keywords: Removable even circuits
1. Denitions and notation
All graphs will be 8nite and loopless. Terminology not de8ned here can be found in [1] or [10]. A graph with no
multiple edges will be referred to as a simple graph and a graph that is not necessarily simple as a multigraph. For
u∈V (G), let dG(u) denote the degree of u in G, let NG(u) denote the neighbourhood set of u in G, and let the minimum
degree of a vertex in G be denoted dmin(G). For H ⊆ G, let V (H;G) denote the set of vertices of attachment of H
in G. A connected graph G is 2-connected if G does not contain a cut vertex. A block of a graph G is a maximal
2-connected subgraph of G of order at least two. If B is a block of G then B is an end block of G if |V (B; G)|= 1. For
X ⊆ V (G), let G[X ] be the subgraph induced by X in G. Let the complement of H in G written, H cG or H c, be the
subgraph G−E(H)− (V (H)\V (H;G)). An H -component in G is a component of H c. A subgraph J of G is an H -bridge
of G if the following conditions are satis8ed:
(i) J is not a subgraph of H .
(ii) V (J; G) ⊆ V (H).
(iii) no proper subgraph of J satis8es (i) and (ii).
The kernel of an H -bridge J in a graph G, denoted by ker(J ), is the subgraph J − V (J; G). If J does not have a kernel
then we shall say that J is degenerate, otherwise we shall say that J is non-degenerate. A k-bond is a graph on two
vertices with k edges. A degenerate bridge is a 1-bond. A degenerate bridge of a circuit C in G is also called a chord of
C. Two chords of C, D1 and D2, are said to cross if each vertex of V (D1) belongs to a di@erent component of C−V (D2),
otherwise D1 and D2 are said to be parallel. Let w1 and w2 be a pair of distinct vertices in a graph G. A {w1; w2}-bridge
J in G, is called a 2-attached 2-bond pair if J is the union of a pair of 2-bonds, J1 and J2, such that V (J1)={w1; b} and
V (J2)={w2; b}. Let K−5 =K5− e for an e∈E(K5). A {w1; w2}-bridge H in G, is called a 2-attached K−5 if H ∼= K−5 and
w1w2 
∈ E(G). For e=uv∈E(G), let G=e be the graph that results from contracting e in G, that is the graph which results
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after deleting e from G, identifying u and v to a single vertex and then removing any loops which have formed. Let Q
be a path or a circuit. We shall say that Q is odd or even depending on whether |E(Q)| is odd or even, respectively.
2. Introduction
The main results that we prove are as follows.
Theorem 7. Let G be a connected graph with dmin(G)¿ 3. Then there exists an even circuit C in G such that G−E(C)
is connected or contains precisely two components one of which is isomorphic to a 1-bond.
Theorem 12. Let G be a simple 2-connected graph, G 
∼= K5. Let e = uv∈E(G) such that dG(u)¿ 3, dG(v)¿ 3 and
dG(ui)¿ 4 for all ui ∈V (G)\{u; v}. If there does not exist a 2-attached K−5 in G − e then there exists an even circuit
C in G − e for which G − E(C) is 2-connected.
Theorem 14. Let G be a 2-connected graph such that dmin(G)¿ 4 and G 
∼= K5. If there does not exist a 2-attached
2-bond pair in G or a 2-attached K−5 in G then there exists an even circuit C in G for which G−E(C) is 2-connected.
3. Even circuits in connected graphs
The main result we prove in this section is Theorem 7. Theorem 1 is Problem 3.2.3 of [1].
Theorem 1. Let G be a graph in which each component has order at least two. Then there does not exist an even
circuit in G if and only if each block B of G is such that B ∼= K2 or B ∼= C2m+1, for m¿ 1.
Theorem 2 gives su2cient conditions on a planar graph G for there not to exist an even circuit C in G for which
G − E(C) is connected.
Theorem 2. Let G be a planar embedding of a 2-connected planar graph that has maximum degree 3 and at least three
vertices of degree 3. Suppose that each face F of G is such that the circuit Q that bounds F is either odd or such that
there exist an F-bridge in G that is a path graph. Then G does not contain an even circuit C for which G − E(C)
contains just one non-trivial component.
Proof 1. Suppose that theorem is false and let C be an even circuit in G for which G−E(C) contains just one non-trivial
component. If C is not a circuit that bounds a face of G then there exist a C-bridge of G that lies entirely in the interior
of C and one that lies entirely in the exterior of C in G. Since (G) = 3, these bridges belong to di@erent components
of G − E(C) and thus G − E(C) contains at least two non-trivial components, a contradiction. Thus C bounds a face of
G and there exists a C-bridge H that is a path graph. Since there are at least three vertices of degree 3 in G, H is not
the only C-bridge in G and because (G) = 3, all C-bridges are vertex disjoint. Thus, G− E(C) contains more than one
non-trivial component, a contradiction.
Corollary 3. Let G be a planar embedding of a 2-connected 3-regular planar graph. If each face of G is bounded by
an odd circuit then G − E(C) is disconnected for each even circuit C in G.
Examples of graphs that can satisfy Corollary 3 are the graph of the tetrahedron and the graph of the dodecahedron.
The non-planar, 3-connected and 3-regular graph G of Fig. 1 does not contain an even circuit C for which G − E(C) is
connected. Further examples of such graphs which are both 3-connected and 3-regular can be constructed by iteratively
replacing a 3-circuit with the subgraph of Fig. 2, or by replacing one or more 3-circuits with the graph obtained by
deleting a vertex from the graph of the dodecahedron.
Theorem 4. The graph G of Figure 1 has no even circuit C for which G − E(C) is connected.
Proof 2. Suppose that theorem is false and let C be an even circuit in G for which G − E(C) is connected.
Consider the graph G′ = G − {v7; v8; v12} of Fig. 1. Suppose that C ⊆ G′. By Theorem 2, G′ − E(C) contains at
least two non-trivial components H1; H2; : : : ; Hp. Since G − E(C) is connected, each component of G′ − E(C) includes a
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Fig. 1. G and G′ = G − {v7; v8; v12}.
Fig. 2.
vertex of {v2; v4; v15}. Thus one component must include either v2 or v4, say v2. Then v2 
∈ V (C). Suppose that v1 ∈V (C),
then v4, v10 and v3 are to. Clearly, v9 
∈ V (C) and therefore v1 
∈ V (C), for otherwise G′[{v3; v9; v10; v13}], would be a
component of G − E(C). Now v3 ∈V (C), but this again leads to a contradiction. By symmetry, V (C) ∩ {v5; v6; v11} 
= ∅
and V (C) ∩ {v9; v10; v13} 
= ∅.
Suppose that C ⊆ G − {v14; v15; v16}. Clearly, v11; v12; v13 
∈ V (C) and so these vertices can be ignored. But now it is
easy to see that v1 belongs to a di@erent component of G − E(C) than {v14; v15; v16}. Hence, V (C) ∩ {v14; v15; v16} 
= ∅.
By symmetry, we may suppose that {v11; v14; v16; v13} ⊆ V (C). However, V (C) ∩ {v7; v8; v12} 
= ∅ and hence v15 belongs
to a di@erent component of G − E(C) from v1, a contradiction.
Lemma 5. Let G be a connected graph with dmin(G)¿ 3 and let C be a circuit of G. If H is a non-degenerate C-bridge
with |V (H) ∩ V (C)|6 2 then there exists an even circuit in H .
Proof 3. Suppose that lemma is false and let G be a counter-example chosen such that |V (H)| is minimum. By Theorem
1, each block of H is isomorphic to either an odd circuit or K2. Let B be an end block of H . If B is an odd circuit then
we can choose v1; v2 ∈V (B) such that dH (v1)=dH (v2)= 2 and v1v2 ∈E(B). But now, v1v2 is the edge of a chord of C, a
contradiction. Hence, B ∼= K2. Let e= uv∈E(B) such that v∈V (C). Put H ′ =H=e. Then H ′ ∼= H − v and therefore does
not contain any even circuits. Suppose that V (H ′)− V (H ′; G) 
= ∅. Then |V (H ′) ∩ V (C)|6 2 and therefore, there exists
a non-degenerate C-bridge J ⊆ H ′ for which |V (J ) ∩ V (C)|6 2. But now |V (J )|6 |V (H ′)|¡ |V (H)|, a contradiction
to the minimality of |V (H)|. Hence, V (H ′)− V (H ′; G) = ∅ and, as |V (H ′)|= |V (H)| − 1, |V (ker(H))|= 1. But now, as
dmin(ker(H))¿ 3, there exists a 2-circuit in H , a contradiction.
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Lemma 6 can be found in [10]. A Y -graph is a graph which is the union of three path graphs L1, L2 and L3 that have
one end vertex y in common but are otherwise mutually disjoint. The end vertices of Li, for i = 1; 2; 3, other than y are
the ends of Y and the vertex y is called the centre of Y .
Lemma 6. Let v1, v2 and v3 be distinct vertices of attachment of a bridge H of a circuit C in G. Then H contains a
Y -graph L with ends v1, v2 and v3 for which V (C) ∩ V (L) = {v1; v2; v3}.
Theorem 7. Let G be a connected graph with dmin(G)¿ 3. Let U be a connected subgraph of G such that there exists
an even circuit in U c. Then there exists an even circuit C in U c such that G − E(C) is either connected or contains
precisely two components one of which is isomorphic to a 1-bond.
Proof 4. Suppose that theorem is false. Let C be an even circuit in U c and let K be the component of G−E(C) for which
U ⊆ K . Let C be chosen such that |E(K)| is maximum and let a∈V (K)∩V (C). Suppose that there exists a non-degenerate
C-bridge H that is vertex disjoint from K . We claim that there exists an even circuit C′ in (C − a) ∪ H . Then K and
the edges incident to a on C belong to a component K ′ of G − E(C′), a contradiction to the maximality of |E(K)|. By
Lemma 5, |V (C)∩ V (H)|¿ 3. Let v1; v2; v3 ∈V (H)∩ V (C), labelled such that v2 ∈V (C[v1; v3]) and a∈V (C[v3; v1]). By
Lemma 6, there exists a Y -graph L in H with ends v1, v2 and v3 and centre y such that V (L) ∩ V (C) = {v1; v2; v3}. Let
Li be the viy-path in L for i= 1; 2; 3. Then J = L∪ C[v1; v3] is 2-connected and therefore, there exists an even circuit C′
in J , as required. Hence, all the C-bridges that are vertex disjoint from K are chords of C.
Let Hi and Hj be two such chords of C, with V (Hi)= {ui; vi}, V (Hj)= {uj; vj}, and labelled such that a 
∈ V (C[ui; vi])
and a 
∈ V (C[uj; vj]). Suppose that we can choose Hi and Hj such that they cross. Suppose further that uj ∈V (C[ui; vi])
and vi ∈V (C[uj; vj]). Then J =C[ui; vj]∪Hi ∪Hj is 2-connected and, by Theorem 1, there exists an even circuit C′ in J .
Then K ∪ C[vj; ui] ⊆ K ′ for a component K ′ of G − E(C′), a contradiction to the maximality of |E(K)|. A contradiction
results in a similar way if vj ∈V (C[ui; vi]) and ui ∈V (C[uj; vj]). Thus Hi and Hj are parallel. Let Hi be chosen such
that |E(C[ui; vi])| is minimum. Put C0 = C[ui; vi] + uivi. We may assume that |E(C0)|¿ 3, for otherwise G − E(C0) is
connected. Therefore, we can choose an a′ ∈V (C[ui; vi])\{ui; vi} and thus a′ ∈V (K). Then Hj is a chord of the circuit
Ci = C[vi; ui] + uivi, and by Theorem 1, we can choose an even circuit C′ in Ci ∪ Hj . Then K ∪ C[ui; vi] ⊆ K ′ for a
component K ′ of G − E(C′), a contradiction to the maximality of |E(K)|.
Corollary 8. Let G be a connected graph with dmin(G)¿ 4. Let U be a connected subgraph of G such that there exists
an even circuit C in U c. Then C can be chosen in U c such that G − E(C) is connected.
Characterize the connected graphs G for which dmin(G)¿ 3 and for which there exists an even circuit C in G such
that G − E(C) is connected.
4. Removable even circuits in 2-connected simple graphs
We will refer to a circuit C in a graph G for which G − E(C) is 2-connected as a removable circuit. Not every
2-connected graph with minimum degree at least 4 has a removable even circuit and indeed this is true for simple graphs,
for example, the complete graph of order 5. Su2cient conditions for the existence of a removable even circuit in a simple
2-connected graph are given in Theorem 12 and su2cient conditions for the existence of a removable even circuit in a
2-connected multigraph are given in Theorem 14.
Theorem 12. Let G be a simple 2-connected graph, G 
∼= K5. Let e = uv∈E(G) such that dG(u), dG(v)¿ 3 and
dG(ui)¿ 4 for all ui ∈V (G)\{u; v}. If there does not exist a 2-attached K−5 in G − e then there exists a removable
even circuit C in G − e.
Theorem 14. Let G be a 2-connected graph such that dmin(G)¿ 4 and G 
∼= K5. If there does not exist a 2-attached
2-bond pair in G or a 2-attached K−5 in G then there exists a removable even circuit C in G.
We make use of the following lemmas. Lemma 9 can be deduced from results in [10] (Theorems III.9, III.33
and IV.21).
Lemma 9. Let G be a graph and let {u; v} be a 2-vertex cut set in G. Let H be a non-degenerate {u; v}-bridge in G.
Then G is 2-connected if and only if both H + uv and H c + uv are 2-connected.
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The proof of Lemma 10 is left to the reader.
Lemma 10. Let G be a 2-connected graph and let U be a connected subgraph of G. Let B be a block of U . Let
x; y∈V (U ); x 
= y and let Q be an xy-path in G for which V (Q)∩V (U )= {x; y}. Suppose that x and y do not belong
to the same B-component of U , then there exists a block B′ in U ∪ Q for which B ⊂ B′.
Lemma 11 can be deduced from results in [10] (Theorems III.20 and III.1).
Lemma 11. Let U be a connected graph and let B1 be an end block of U . Then there is precisely one B1-component
in U .
Proof of Theorem 12. Suppose that theorem is false and let G be a counter-example, chosen such that |V (G)| is minimum.
Suppose that there exists a 2-vertex cut set X = {x1; x2} in G and let H1 be a non-degenerate X -bridge in G. Let X
and H1 be chosen such that e 
∈ E(H1) and subject to which |V (H1)| is minimum. Put G1 = H1 + e′ and G2 = H c1 + e′,
where e′ = x1x2. By Lemma 9, both G1 and G2 are 2-connected. By minimality of |V (H1)|, dG1 (xi)¿ 3, for i = 1 and
2, and clearly dG1 (v)¿ 4, for each v∈V (G1)\{x1; x2}. Suppose that G1 
∼= K5. By minimality of |V (G)|, there exists a
removable even circuit C1 of G1 in G1− e′. But now, by Lemma 9, C1 is a removable even circuit in G, a contradiction.
Hence, suppose that G1 ∼= K5. Since H1 is not a 2-attached K−5 in G− e, there exists an edge e1 = x1x2 ∈E(G)\{e}. Let
C2 be a 4-circuit in H1 + e1 chosen such that e1 ∈E(C2). Then (H1 − E(C2)) + e′ is 2-connected, and since G2[{x1; x2}]
is a 2-circuit, G2− e1 is 2-connected. Thus, by Lemma 9, G−E(C2) is 2-connected, a contradiction. Hence, there are no
2-vertex cut sets in G.
We claim that there exists a 2-connected subgraph U of G such that e∈E(U ) and such that there exists an even circuit
in U c. Let P be a shortest uv-path in G−e. Put C′=P+e and G′=G−E(C′). Suppose that G′ does not contain an even
circuit. By Theorem 1, each block of G′ is isomorphic to either K2 or an odd circuit. We cannot choose ui; uj ∈V (P)
such that ui occurs before uj on P and uiuj ∈E(G′). For otherwise, P′ = uP[u; ui]ui; ujP[uj; v]v would be a shorter path
than P in G. Thus, each C′-bridge is non-degenerate. Let H ′ be such a C′-bridge and let B′ be an end block of H ′. If
B′ is an odd circuit then we can choose v1; v2 ∈V (B′) such that dH ′(v1) = dH ′(v2) = 2 and v1v2 ∈E(B′). But this is a
contradiction, as v1; v2 ∈V (P). Therefore, each end block of H ′ is isomorphic to K2 and thus, because dG(ui)¿ 4 for all
ui ∈V (G)\{u; v}, there exist at most two end blocks in H ′. But now, there exists an even circuit in H ′ by Lemma 5, a
contradiction. Hence, we can choose U as claimed. By Corollary 8, we can choose C in U c such that the following two
statements hold:
(a) GC = G − E(C) is connected.
(b) Subject to (a), the block B of GC for which U ⊆ B is such that |E(B)| is maximum.
Let J={J1; J2; : : : ; Jr} be the set of B-components of GC with V (B)∩V (Ji)={wi} for 16 i6 r. Let B1 be an end block
of GC in J1 and let V (B1; GC)={u1}. If |V (C)\V (B1)|=1 then, as |V (U )|¿ 3, {u1}∪(V (C)\V (B1)) is a 2-vertex cut set
in G, a contradiction. If V (C)\V (B1) ⊆ V (Jk), for a Jk ∈ J , then {u1; wk} is a 2-vertex cut set in G, a contradiction. Thus,
we can choose v1; v2 ∈V (C)\V (B1) such that v1 and v2 do not both belong to the same B-component of GC . Suppose
that B1 is not an odd circuit. Since dmin(GC)¿ 2 we can choose an even circuit C′ in B1. By Lemma 11, (B1)cGC is
connected and so (B1)cG = (B1)
c
GC ∪C is connected. Therefore, by Corollary 8, we can choose C′ in B1 so that Condition
(a) in the choice of circuit is satis8ed. Let Q′ be a shortest path in C between two vertices of (B1)cGC which do not both
belong to the same B-component of GC . By Lemma 10, there exists a block B′ ⊆ (B1)cGC ∪Q′ such that B ⊂ B′. Clearly,
B ⊂ B′ ⊆ B′′ for a block B′′ of G − E(C′). Therefore, the existence of C′ contradicts Condition (b) in the choice of C.
Hence, B1 is an odd circuit. Let Q={Q1; : : : ; Qm} be the set of all paths that are B1-bridges in B1∪C. Then C=⋃mi=1 Qi.
We can label J and choose v1; v2 ∈V (C)\V (B1) such that v1 and v2 do not belong to the same B-component of GC and
such that there exists a Qi ∈Q for which v1 
∈ V (Qi) and v2 
∈ V (Qi).
Proof 5. Suppose that claim is false. Clearly, |Q| = 2, B1 is a 3-circuit, and v1 and v2 can be labelled such that
v1 ∈V (Q1)\V (B1) and v2 ∈V (Q2)\V (B1). Suppose that |E(Qj)| = 2 for both j = 1; 2. Put H = B1 ∪ C. Put G′ = H c ∪
{a1; a2; a3}, where a1 = v1v2, a2 = v1u1 and a3 = v2u1. Since dH (u1) = dH (v1) = dH (v2) = 2, dG′(u)¿ 3, dG′(v)¿ 3 and
dG′(ui)¿ 4 for all ui ∈V (G′)\{u; v}. Furthermore, as G 
∼= K5, |V (G′)|¿ 5. Suppose that there exists a cut set X , with
|X |6 2, in G′. Then, as v1, v2 and u1 belong to the same 3-circuit of G′, no two of v1, v2 and u1 belong to di@erent
components of G′−X . But now, X is a cut set in G, a contradiction. Suppose that there exists a 2-circuit C1 in G′. Then
G′−E(C1) is 2-connected and, as G is simple, V (C1) ⊆ {u1; v1; v2}. By symmetry, we may assume that V (C1)={v1; v2}.
Then v1v2 ∈E(G). Let C′1 be a 4-circuit of H + v1v2 for which v1v2 ∈E(C′1). The graph which results after replacing a2
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Fig. 3.
with a v1u1-path of length 2 and a3 with a v2u1-path of length 2 in G′ − E(C1) is isomorphic to G − E(C′1). It follows
that G − E(C′1) is 2-connected, a contradiction. Therefore, G′ is simple.
Suppose that G′ ∼= K5. Then H c ∼= H and G is isomorphic to the graph of Fig. 3. Clearly, a removable even circuit
exists in G in this case. Hence, G′ 
∼= K5 and, by the minimality of |V (G)|, there exists a removable even circuit C′′ in
G′ − e. Clearly, G − E(C′′) is 2-connected if ai 
∈ E(C′′) for i∈{1; 2; 3}. Therefore, suppose that there exists just one
edge ai ∈E(C′′) for i∈{1; 2; 3}. By symmetry, we may assume that i = 1. Let P be a v1v2-path in H chosen such that
|E(P)| = 3. Let Q = C′′ − a1 and put C′ = P ∪ Q, so that C′ is an even circuit in G − e. The graph that results from
replacing a2 with a v1u1-path of length 2 and a3 with a v2u1-path of length 2 in G′−E(C′′) is isomorphic to G−E(C′).
It follows that G − E(C′) is 2-connected, a contradiction. By similar reasoning, we obtain a contradiction if there exist
exactly two edges of {a1; a2; a3} in E(C′′).
Thus, suppose that either |E(Q1)|¿ 2 or |E(Q2)|¿ 2. Without loss of generality, let |E(Q1)|¿ 2. Then V (Q1)\V (B1) ⊆
V (Ji), for a Ji ∈ J. For otherwise, we could choose v1; v2 ∈V (Q1)\V (B1) such that v1, v2 and Q2 satisfy the claim. First,
suppose that Ji = J1. If |E(Q2)| = 2 with v∈V (Q2)\V (B1) then {v; w1} is a cut set in G, a contradiction. Therefore,
|E(Q2)|¿ 2. Furthermore, V (Q2)\V (B1)* V (Jk), for Jk ∈ J, since {w1; wk} is not a cut set in G. Thus, we can choose
v1; v2 ∈V (Q2)\V (B1) such that v1 and v2 do not belong to the same B-component of GC . Now, putting Qi = Q1 satis8es
claim. Hence, suppose that Ji 
= J1. We now repeat our arguments with the roˆles of J1 and Ji interchanged. Thus,
for Bi an end block of GC in Ji, we have that Bi is a 3-circuit with precisely two Bi-bridges, Q′1 and Q
′
2, in Bi ∪ C.
Since {w1; wi} is not a cut set in G, there exists an edge v′1v′2 ∈E(Q2) such that v′1 ∈ (V (J1) ∪ V (Ji))\{w1; wi} and
v′2 ∈V (G)\(V (J1) ∪ V (Ji)). If v′1 
∈ V (B1) then Q1, v′1 and v′2 satisfy the claim. Otherwise, if v′1 ∈V (B1) then let Q′1 and
Q′2 be labelled such that v
′
1v
′
2 ∈E(Q′2). Then, relabelling J so that J1 = Ji, Q′1, v′1 and v′2 satisfy the claim.
Let v1, v2 and Qi be chosen as for Claim 1. Put H1 = B1 ∪ Qi. Let V (Qi; H1) = {z1; z2}. Choose an even circuit C∗ in
H1 such that C∗ satis8es condition (a) in the choice of circuit. By choice of v1, v2 and Qi, we can choose a shortest path
Q′ in C−Qi between two vertices of (B1)cGC which do not both belong to the same B-component of GC . A contradiction
now results by Lemma 10.
Corollary 13. Let G be a 2-connected simple graph with dmin(G)¿ 4. Then there exists an even circuit C in G such
that G−E(C) is 2-connected or is connected and contains precisely two blocks one of which is isomorphic to a 3-circuit.
Proof 6. If G is K5 then any 4-circuit satis8es theorem. If G has no 2-attached K−5 then there exists a removable even
circuit in G, by Theorem 12. Hence, suppose that there exists a 2-attached K−5 , H in G with vertices of attachment
{w1; w2}. Let C be a 4-circuit in H . By Lemma 9, H c + w1w2 is 2-connected. Hence it is easy to check that G − E(C)
contains precisely two blocks one of which is isomorphic to a 3-circuit.
Theorem 14. Let G be a 2-connected graph such that dmin(G)¿ 4 and G 
∼= K5. If there does not exist a 2-attached
2-bond pair in G or a 2-attached K−5 in G then there exists a removable even circuit C in G.
Proof 7. If G is simple then the result is immediate from Theorem 12, and if G does not contain any 2-vertex cut sets
and contains multiple edges then any 2-circuit of G satis8es the theorem. Hence, suppose that X = {x1; x2} is a 2-vertex
cut set in G. Let H1 be a non-degenerate X -bridge in G. Let X and H1 be chosen such that |E(H1)| is minimum. Put
G1 =H1 + e1 and G2 =H c1 + e1, where e1 = x1x2. By Lemma 9, both G1 and G2 are 2-connected and by minimality there
does not exist a 2-vertex cut set in G1. Suppose that G1 is not simple. If |V (G1)|=3 then, as H1 is not a 2-attached 2-bond
pair, G1 contains a multiple edge set M with at least three edges. Let C1 be a 2-circuit chosen such that E(C1) ⊆ M .
Then G1 − E(C1) is 2-connected. If |V (G1)|¿ 3 then since x1x2 
∈ E(H1) we can choose a 2-circuit C1 in G1 − e1 such
that G1 − E(C1) is 2-connected. If G1 is simple and G1 
∼= K5 then, by Theorem 12, there exists an even circuit C1 in
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G1 − e1 such that G1 − E(C1) is 2-connected. In each case the result holds by Lemma 9. Suppose that G1 ∼= K5. Then,
as H1 is not a 2-attached K−5 in G, there exists an e
′ = x1x2 ∈E(G). Let C′ be a 4-circuit in H1 + e′ chosen such that
e′ ∈E(C′). Then (H1 − E(C′)) + e1 is 2-connected, and since G2[{x1; x2}] is an r-bond with r¿ 2, so to is G2 − e′.
Therefore, by Lemma 9, G − E(C′) is 2-connected, as required.
The following problem is due to Jackson [6]. Is it possible to 8nd a good characterisation for the family of 2-connected
graphs G for which dmin(G)¿ 4 and for which there does not exist a removable even circuit C in G?
5. Removable circuits in 2-connected graphs
The graph G of Fig. 4 discovered independently by Robinson and by Jackson [5] is an example of a graph which does
not contain any removable circuits. Results on removable circuits in simple graphs can be found in [5,7,8], and [9] and for
multigraphs in [2] and [3]. Theorem 15 gives su2cient conditions for there to exist a removable circuit in a 2-connected
graph.
Theorem 15. Let G be a 2-connected graph for which dmin(G)¿ 4. If there do not exist any 2-attached 2-bond pairs
in G then there exists a removable circuit C in G.
Proof 8. Clearly, we may assume that |V (G)|¿ 4. If G ∼= K5 then any 3-circuit satis8es the theorem. Suppose that
G 
∼= K5. By Theorem 14, if there does not exist a 2-attached K−5 in G then we can choose an even circuit C in G such
that G−E(C) is 2-connected. Otherwise, there exists a 2-attached K−5 , H in G. Let V (H;G)= {w1; w2}. Then a 3-circuit
of H which uses exactly one vertex of {w1; w2} satis8es theorem.
Corollary 16 answers a question raised by McGuinness [4].
Corollary 16. Let G be a 2-connected graph for which dmin(G)¿ 5. Then there exists a removable circuit C in G.
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